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Abstract
Partitionable skew Room frames of type hn have played an important role in the constructions of 4-frames, (K4 − e)-frames and
super-simple (4, 2)-frames. In this paper, we investigate the existence of partitionable skew Room frames of type hn. The necessary
conditions for the existence of such a design are that h(n − 1) ≡ 0 (mod 4) and h5. It is proved that these necessary conditions
are also sufﬁcient with a few possible exceptions. As a byproduct, the known results on the existence of skew Room frames and
uniform 4-frames are both improved.
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1. Introduction
Let S be a ﬁnite set, let ∞ be a “special” symbol not in S, and letH be a set of subsets of S. As deﬁned in [22] a
holey Room square (brieﬂy HRS) having hole setH is an |S|× |S| array F, indexed by S, which satisﬁes the following
properties:
1. Every cell of F either is empty or contains an unordered pair of symbols of S ∪ {∞}.
2. Every symbol of S ∪ {∞} occurs at most once in any row or column of F, and every unordered pair of symbols
occurs in at most one cell of F.
3. The subarrays H × H are empty, for every H ∈H (the subarrays are referred to as holes).
4. Symbol s ∈ S occurs in row or column t if and only if (s, t) ∈ (S × S)\⋃H∈H(H ×H); and symbol ∞ occurs in
row or column t if and only if t ∈ S\⋃H∈HH .
5. The pair {s, t} occurs in F if and only if (s, t) ∈ (S × S)\⋃H∈H(H × H); the pair {∞, t} occurs in F if and only
if t ∈ S\⋃H∈HH .
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Table 1
A skew Room square of side 9
∞,1 4,9 3,7 2,8 5,6
8,9 ∞,2 5,7 3,4 1,6
5,8 ∞,3 6,9 2,4 1,7
3,6 7,8 ∞,4 1,9 2,5
7,9 1,2 ∞,5 3,8 4,6
4,5 ∞,6 1,8 3,9 2,7
2,6 5,9 1,3 ∞,7 4,8
6,7 1,4 2,9 ∞,8 3,5
2,3 1,5 6,8 4,7 ∞,9
The order of F is |S|. Note that ∞ does not occur in any cell of F if⋃H∈HH = S.
IfH = ∅, then an HRS(H) is called a Room square of side |S|. Also, ifH = {H }, then an HRS(H) is called an
(|S|, |H |)-IRS. Here IRS stands for “incomplete Room square”.
IfH = {H1, . . . , Hn} is a partition of S, then an HRS(H) is called a Room frame. The type of F is deﬁned to be
the multiset {|H1|, . . . , |Hn|}. We usually use an “exponential” notation to describe types: a type tu11 · · · tukk denotes uj
occurrences of tj , 1jk.
IfH= {H1, . . . , Hn,H } in the deﬁnition, where {H1, . . . , Hn} is a partition of S, then such an |S| by |S| array—F
is called an incomplete Room frame or an I-Room frame. The type of the I-Room frame is deﬁned to be the multiset
{(|Hi |, |Hi ∩ H |): 1 in}. We may also use an “exponential” notation to describe types of I-Room frames: a type
(t1, r1)
u1 · · · (tk, rk)uk denotes uj occurrences of (tj , rj ), 1jk.
A holey Room square F having hole set H is called skew if, given any pair of cells (s, t) and (t, s) in (S ×
S)\⋃H∈H(H × H), precisely one is empty. Similarly we have the concepts of skew Room frame and skew I-Room
frame. A skew Room frame of type T will be denoted by SF(T) and skew I-Room frame of type T by SIF(T).
It is easily seen that a skew Room frame of type 1n is equivalent to a skew Room square of side n. Below is an
example of skew Room square, which has been given in [13].
Example 1.1 (Dinitz and Stinson [13]). There exists a skew Room square of side 9 (Table 1). (It is in fact unique up
to isomorphism.)
Skew Room frames have played an important role in the constructions of BIBDs and GDDs with block size four
[18] and the resolution of the existence problem for weakly 3-chromatic BIBDs with block size four [19].
For the existence of skew Room frames of type tu, we have the following known result which was established by
Chen and Zhu in [8].
Theorem 1.2 (Chen and Zhu [8]). The necessary conditions for the existence of a skew Room frame of type tu, namely,
u4 and u is odd when t is odd, are also sufﬁcient except for (t, u) ∈ {(1, 5), (2, 4)} and possibly excepting:
1. u = 4 and t ∈ {8, 24} ∪ {s: s ≡ 2 (mod 4)};
2. u = 5 and t ∈ {11, 13, 17, 19, 23, 29, 31, 41, 43}.
If all the quadruples (a, b, c, r) can be partitioned into sets such that each set forms a partition of S\Hi for some i, and
each Hi corresponds to 2|Hi | of the sets, we call the skew holey Room square partitionable, where {a, b} ∈ F, {a, b}
occurs in column c and row r. Similarly we have the concepts of partitionable skew Room frame and partitionable skew
I-Room frame. A partitionable skew Room frame of type T will be denoted by PSF(T) and partitionable skew I-Room
frame of type T by PSIF(T).
Below is an example of partitionable skew Room frame.
Example 1.3. There exists a partitionable skew Room square of type 25. Each quadruple (a, b, c, r) in the ﬁrst
row of Table 2 and its translate (a + 5, b + 5, c + 5, r + 5) (mod 10) give an initial holey parallel class. Adding
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Table 2
A partitionable skew Room frame of type 25
4,8 1,2 7,9 3,6
4,7 5,9 2,3 8,0
5,8 6,0 3,4 9,1
6,9 7,1 4,5 0,2
1,3 7,0 8,2 5,6
2,4 8,1 9,3 6,7
3,5 9,2 0,4 7,8
8,9 4,6 0,3 1,5
2,6 9,0 5,7 1,4
3,7 0,1 6,8 2,5
0, 1, 2, 3, 4 modulo 10 to the elements of this class generates in total of 5 holey parallel classes from the quadruple
(a, b, c, r).
Partitionable skew Room frames were ﬁrst introduced by Colbourn et al. in [10] to construct 4-frames and (K4 − e)-
frames, which were recently employed by Zhang and Ge in [23] to construct super-simple (4, 2)-frames.
It is easy to see that the necessary conditions for the existence of a partitionable skew Room frame of type hn are that
h(n−1) ≡ 0 (mod 4) and n5.We split the size of holes h into three subclasses according to the necessary conditions
of n, which are listed as follows:
1. h ≡ 0 (mod 4), n5;
2. h ≡ 2 (mod 4), n5 and n ≡ 1 (mod 2);
3. h ≡ 1 (mod 2), n5 and n ≡ 1 (mod 4).
The existence of partitionable skew Room frames of type 4n has been established by Zhang and Ge in [23]. We
restate it in the following theorem.
Theorem 1.4 (Zhang and Ge [23]). There exists a partitionable skew Room frame of type 4n for each n5 except
possibly for n ∈ {10, 11, 12, 14, 15, 16, 18, 19, 20, 22, 23, 24, 27, 28, 32, 34}.
We also have the following small examples of partitionable skew Room frames.
Lemma 1.5 (Colbourn et al. [10], Zhang and Ge [23]). There exist partitionable skew Room frames of types 35, 39,
113, 117, 129 and 133.
In this paper, we shall investigate the existence of a partitionable skew Room frame of type hn for all possible
positive integers h and n. By the Inﬂation construction listed in Section 3, we only need to consider the following
cases:
1. h = 4, 8, 12, 24 and n5;
2. h = 2, 6 and n5, n ≡ 1 (mod 2);
3. h = 1, 3 and n5, n ≡ 1 (mod 4).
In Section 2, we construct some ingredient partitionable skew Room frames directly using the starter-adder or
intransitive starter-adder method. In Section 3, recursive constructions for partitionable skew Room frames are listed
there. In Section 4, we mainly investigate the existence of partitionable skew Room frames of type h5 due to the
nonexistence of the partitionable skew Room frame of type 15. The main result listed in Theorem 1.2 is also improved
there. In Sections 5–7, we establish the existence results for the three subclasses of h respectively. In the last section,
we conclude our main result. As an application, the known results on the existence of uniform 4-frames in [14] are also
improved there.
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2. Direct constructions
The basic direct construction for Room frames is the “starter-adder” method and its modiﬁcations (see [11,12]).
Let G be an abelian group, written additively, and let H be a subgroup of G. Denote g = |G|, h = |H | and sup-
pose that g − h is even. A Room frame starter in G\H is a set of unordered pairs S = {{si, ti}: 1 i(g − h)/2}
satisfying
1.
⋃
1 i (g−h)/2({si} ∪ {ti}) = G\H , and
2.
⋃
1 i (g−h)/2{±(si − ti )} = G\H .
An adder for S is an injection A: S → G\H , such that
⋃
1 i (g−h)/2
({si + ai} ∪ {ti + ai}) = G\H ,
where ai = A(si, ti), 1 i(g − h)/2. An adder A is skew if, further,
⋃
1 i (g−h)/2
({ai} ∪ {−ai}) = G\H .
From a starter S and a skew adder A, we can construct a skew Room frame F in which the cell (j, −ai + j) is occupied
by {si + j, ti + j} for 1 i(g − h)/2 and any j ∈ G. Precisely, we have the following construction.
Theorem 2.1 (Stinson [20, Lemma 3.1]). Suppose there is a Room frame starter S in G\H , and a skew adder A for S.
Then there is a skew Room frame of type hg/h, where g = |G| and h = |H |.
As above, letG be an abelian group of order g and letH be a subgroup of order h, where g−h is even.A 2k-intransitive
Room frame starter in G\H is deﬁned to be a triple (S, C,R), where
S = {{si, ti}: 1 i(g − h)/2 − 2k} ∪ {{ui}: 1 i2k},
C = {{pi, qi}: 1 ik},
and
R = {{p′i , q ′i}: 1 ik},
satisfying:
1. {si} ∪ {ti} ∪ {ui} ∪ {pi} ∪ {qi} = G\H ,
2. {±(si − ti )} ∪ {±(pi − qi)} ∪ {±(p′i − q ′i )} = G\H , and
3. all pi − qi and p′i − q ′i have even orders in G.
An adder for (S, C,R) is an injection A: S → G\H , satisfying
4. {si + ai} ∪ {ti + ai} ∪ {ui + bi} ∪ {p′i , q ′i} = G\H , where
ai = A(si, ti), 1 i(g − h)/2 − 2k,
bi = A(ui), 1 i2k.
An adder is skew if further:
5. {ai} ∪ {−ai} ∪ {bi} ∪ {−bi} = G\H,
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and for each i, 1 ik, there exists a j1 such that pi − qi has order 2jm and p′i − q ′i has order 2jm′, where m and
m′ are odd.
The following result is known.
Theorem 2.2 (Stinson [20, Lemma 3.4]). If there is a 2k-intransitive Room frame starter S and a skew adder in G\H ,
where g = |G| and h = |H |, then there is a skew Room frame of type hg/h(2k)1.
Normally, a skew Room frame generated by the starter-adder technique is not partitionable. However, it is so when
the number of holes is 5 and the design is constructed over the cyclic group.
Lemma 2.3. Suppose F is a skew Room frame of type h5 obtained by the starter-adder technique over Z5h. Then F is
partitionable.
Proof. Suppose G = Z5h and H = {0, 5, . . . , 5(h − 1)}. Suppose also there is a Room frame starter S in G\H
and a skew adder A for S. Consider each quadruple (s, t,−a, 0) obtained from the ﬁrst row. From the deﬁnition of
starter-adder, we know that s /≡ 0 (mod 5), t /≡ 0 (mod 5), and −a /≡ 0 (mod 5). Furthermore, s − t /≡ 0 (mod 5),
s − (−a) /≡ 0 (mod 5), t − (−a) /≡ 0 (mod 5). That is, (s, t,−a, 0) are different modulo 5. Suppose k is the residue
that is not covered, then (s + k, t + k,−a + k, k) covers all non-zero residues modulo 5. Hence, {(s + k + j, t + k +
j,−a + k + j, k + j): j ∈ H } forms a partition of G\H . Altogether we get 2h partitions of G\H from the 2h pairs
in ﬁrst row. Adding 0, 1, 2, 3, 4 modulo 5h to these partitions, we obtain in total of 10h partitions missing different
holes. 
Below are direct constructions for some partitionable skew Room frames.
Lemma 2.4. For each n ∈ {21, 25}, there exists a partitionable skew Room frame of type 1n.
Proof. For each n ∈ {21, 25}, let G = Zn and H = {0}. The required base quadruples (a, b, c, r) are listed below:
n = 21:
(11, 13, 2, 8), (9, 16, 18, 1), (14, 4, 10, 5), (6, 12, 17, 15), (20, 3, 19, 7),
(12, 13, 10, 11), (1, 4, 8, 18), (15, 2, 16, 9), (17, 5, 20, 7), (14, 19, 6, 3),
n = 25:
(7, 9, 22, 4), (1, 6, 8, 20), (5, 15, 19, 21), (24, 10, 18, 14), (12, 16, 17, 23), (3, 11, 2, 13),
(18, 19, 16, 17), (3, 6, 9, 24), (12, 21, 7, 4), (1, 13, 22, 14), (23, 5, 15, 10), (2, 8, 20, 11).
Here, each row gives a partition of G\H . 
Lemma 2.5. For each n ∈ {37, 53, 61, 109}, there exists a partitionable skew Room frame of type 1n.
Proof. LetG=GF(n) andH ={0}. LetC0 be the multiplicative subgroup ofG having index 4. Denote the other cosets
by C1, C2, C3, such that C1 ∪ C3 consists of all the quadratic non-residues. The following constructions are similar to
those appeared in [10, Lemma 2.5]. Supposewe have two elements a, c such that a ∈ C2 and 1+c, a+c, a+1+c, and c
are in distinct cosets. Thenwe have a starter S={{x, ax}: x ∈ C0∪C1} and a skew adderA, whereA(x, ax)=−(a+1)x
for x ∈ C0 ∪ C1. Use cx to get the translate of the quadruple (x, ax, (a + 1)x, 0). We get the two partitions of G\H :
((1 + c)x, (a + c)x, (a + c + 1)x, cx), x ∈ C0,
((1 + c)x, (a + c)x, (a + c + 1)x, cx), x ∈ C1.
Here, we list the parameters n, a, c below:
n = 37: a = 4, c = 16, n = 53: a = 4, c = 1,
n = 61: a = 4, c = 1, n = 109: a = 4, c = 12. 
Lemma 2.6. For each n ∈ {41, 49, 89}, there exists a partitionable skew Room frame of type 1n.
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Proof. For each n ∈ {41, 49, 89}, let G=Zn and H = {0}. The required base quadruples (a, b, c, r) are listed below:
n = 41: (2, 3, 4, 1), (11, 14, 22, 5),
(28, 37, 31, 6), (20, 35, 39, 7),
n = 49: (2, 3, 4, 1), (9, 12, 7, 6), (16, 27, 31, 8), (29, 35, 34, 13),
(2, 39, 23, 14), (10, 31, 27, 17), (35, 44, 29, 18), (9, 13, 41, 24),
n = 89: (3, 10, 9, 1), (26, 58, 41, 11),
(4, 9, 68, 12), (26, 77, 87, 19).
Here, multiplying the elements of each row with a multiplier m of order d gives a partition ofG\H . The corresponding
multiplier m and its order d for each n, (m, d; n), are (10, 5; 41), (18, 3; 49) and (2, 11; 89), respectively. 
Lemma 2.7. For each h ∈ {5, 6, 7, 9, 11, 13}, there exists a partitionable skew Room frame of type h5.
Proof. For each h ∈ {5, 6, 7, 9, 11, 13}, we need only to give a skewRoom frame of type h5 by starter-adder technique.
Let G = Z5h and H = {0, 5, . . . , 5(h − 1)}. Then the required starters and skew adders are listed as follows:
h = 5: S = {{1, 2}, {3, 6}, {4, 8}, {7, 23}, {9, 21}, {11, 17}, {12, 19}, {13, 24}, {14, 22}, {16, 18}},
A = {17, 6, 18, 9, 2, 22, 12, 4, 24, 11},
h = 6: S = {{1, 2}, {3, 6}, {4, 8}, {7, 9}, {11, 22}, {12, 21}, {13, 26}, {14, 28}, {16, 23}, {17, 29},
{18, 24}, {19, 27}},
A = {1, 16, 23, 19, 2, 26, 3, 9, 18, 22, 24, 17},
h = 7: S = {{1, 2}, {3, 6}, {4, 8}, {7, 9}, {11, 18}, {12, 24}, {13, 26}, {14, 28}, {16, 34}, {17, 33},
{19, 27}, {21, 32}, {22, 31}, {23, 29}},
A = {1, 26, 23, 14, 28, 29, 31, 33, 18, 16, 24, 27, 32, 13},
h = 9 : S = {{1, 2}, {3, 6}, {4, 8}, {7, 9}, {11, 17}, {12, 19}, {13, 27}, {14, 32}, {16, 33}, {18, 34},
{21, 44}, {22, 43}, {23, 42}, {24, 36}, {26, 37}, {28, 41}, {29, 38}, {31, 39}},
A = {1, 6, 28, 7, 22, 19, 14, 42, 33, 8, 2, 21, 11, 27, 36, 41, 29, 13},
h = 11 : S = {{39, 41}, {34, 22}, {53, 36}, {54, 7}, {44, 12}, {13, 6}, {33, 19}, {2, 26}, {51, 29}, {52, 48},
{49, 43}, {38, 11}, {28, 31}, {14, 1}, {37, 46}, {8, 47}, {18, 17}, {27, 9}, {16, 42}, {21, 32},
{4, 23}, {3, 24}},
A = {38, 4, 6, 54, 22, 8, 14, 37, 27, 34, 3, 26, 13, 53, 12, 24, 11, 9, 32, 36, 39, 48},
h = 13 : S = {{33, 4}, {12, 23}, {47, 59}, {46, 2}, {24, 41}, {48, 62}, {36, 52}, {49, 11}, {29, 38}, {57, 51},
{7, 64}, {44, 22}, {3, 31}, {16, 13}, {18, 14}, {61, 28}, {17, 43}, {1, 42}, {37, 56}, {32, 34},
{21, 63}, {53, 54}, {9, 27}, {8, 39}, {19, 26}, {6, 58}},
A = {54, 9, 29, 27, 58, 21, 32, 13, 23, 41, 57, 49, 6, 31, 63, 18, 14, 62, 22, 19, 28, 53, 39, 64, 17, 61}.
By Lemma 2.3, it easy to see that the skew Room frames constructed above are also partitionable. 
Lemma 2.8. For each n ∈ {9, 13, 17}, there exists a partitionable skew Room frame of type 2n.
Proof. For each n ∈ {9, 13, 17}, let G = Z2n and H = {0, n}. The required quadruples (a, b, c, r) are listed below:
n = 9 : (7, 8, 5, 6), (2, 4, 12, 17), (11, 1, 15, 3), (10, 13, 16, 14),
(11, 17, 4, 7), (12, 1, 13, 6), (3, 8, 10, 14), (16, 2, 15, 5),
n = 13 : (2, 3, 24, 1), (16, 19, 21, 12), (20, 6, 9, 8),
(25, 5, 23, 11), (22, 4, 15, 7), (10, 17, 14, 18),
(4, 6, 12, 1), (17, 21, 5, 11), (24, 7, 23, 16),
(18, 2, 19, 9), (14, 25, 8, 3), (10, 15, 22, 20),
n = 17 : (11, 16, 31, 3), (24, 4, 9, 12), (32, 8, 2, 13), (27, 5, 18, 6),
(16, 25, 27, 7), (22, 1, 2, 11), (26, 32, 14, 4), (29, 3, 13, 6),
(3, 4, 1, 2), (12, 16, 24, 6), (27, 9, 30, 11), (25, 32, 31, 5),
(6, 8, 1, 3), (13, 16, 5, 9), (21, 32, 28, 7), (29, 10, 19, 14).
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When n= 9, each row gives an initial partition of G\H . When n= 13, each of the ﬁrst two rows and the last two rows
gives an initial partition of G\H . When n = 17, each row covers the non-zero residues modulo 17 exactly once, and
hence gives an initial partition of G\H by adding 0, 17 modulo 34. 
Lemma 2.9. There exists a partitionable skew Room frame of type 27.
Proof. Let G = Z12, H = {0, 6} and the two inﬁnite points be {∞1,∞2}. Take
S = {{2, 5}, {4, 8}, {1, 3}} ∪ {9, 7}, C = {10, 11}, R = {9, 2},
and the skew adder as: a1 = 8, a2 = 3, a3 = 2, b1 = 7, b2 = 11.
Applying Theorem 2.2 yields an SF(27). Then translate the initial quadruples:
2, 5, 4, 0 —add 5— 7, 10, 9, 5
10, 11, ∞1, 0 —add 3— 1, 2, ∞2, 3
9, ∞2, 5, 0 —add 11— 8, ∞1, 4, 11
4, 8, 9, 0 —add 1— 5, 9, 10, 1
7, ∞1, 11, 0 —add 8— 3, ∞1, 7, 8
9, 2, 0, ∞2 —add 2— 11, 4, 2, ∞2
1, 3, 10, 0 —add 1— 2, 4, 11, 1.
It is easy to see that each of the ﬁrst three and the second three quadruples on the right-hand gives an initial partition of
G ∪ {∞1,∞2}\H. The last quadruple on the right-hand covers the four residues modulo 4, hence gives one partition
of G by adding 4 modulo 12 to the elements of the quadruple successively. 
Lemma 2.10. There exists a partitionable skew Room frame of type 211.
Proof. Let G = Z20, H = {0, 10} and the two inﬁnite points be {∞1,∞2}. Take
S = {{17, 11}, {8, 16}, {14, 18}, {3, 12}, {2, 7}, {6, 19}, {13, 15}} ∪ {5, 9},
C = {1, 4}, R = {1, 2},
and the skew adder as
a1 = 2, a2 = 5, a3 = 6, a4 = 7, a5 = 9, a6 = 12, a7 = 16, b1 = 1, b2 = 3.
Applying Theorem 2.2 yields an SF(211). Then translate the initial quadruples:
1, 4, ∞1, 0 —add 1— 2, 5, ∞2, 1
∞2, 5, 1, 0 —add 13— ∞1, 18, 14, 13
8, 16, 5, 0 —add 19— 7, 15, 4, 19
17, 11, 2, 0 —add 6— 3, 17, 8, 6
13, 15, 16, 0 —add 16— 9, 11, 12, 16
1, 2, 0, ∞2 —add 3— 4, 5, 3, ∞1
9, ∞1, 3, 0 —add 9— 18, ∞2, 12, 9
14, 18, 6, 0 —add 13— 7, 11, 19, 13
3, 12, 7, 0 —add 14— 17, 6, 1, 14
6, 19, 12, 0 —add 16— 2, 15, 8, 16
2, 7, 9, 0 —add 1— 3, 8, 10, 1.
It is easy to see that each of the ﬁrst ﬁve and the second ﬁve quadruples on the right-hand gives an initial partition of
G ∪ {∞1,∞2}\H. The last quadruple on the right-hand covers the four residues modulo 4, hence gives one partition
of G by adding 4 modulo 20 to the elements of the quadruple successively. 
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Lemma 2.11. There exists a partitionable skew Room frame of type 215.
Proof. Let G = Z28, H = {0, 14} and the two inﬁnite points be {∞1,∞2}. Take
S = {{1, 27}, {2, 26}, {3, 25}, {4, 24}, {5, 23}, {6, 22}, {13, 16}, {12, 17}, {11, 18}, {10, 19},
{9, 20}} ∪ {7, 15}, C = {8, 21}, R = {8, 9},
and the skew adder as
a1 = 5, a2 = 19, a3 = 2, a4 = 20, a5 = 15, a6 = 25, a7 = 27,
a8 = 6, a9 = 11, a10 = 16, a11 = 21, b1 = 4, b2 = 10.
Applying Theorem 2.2 yields an SF(215). Then translate the initial quadruples:
8, 9, 0, ∞2 —add 12— 20, 21, 12, ∞2
7, ∞1, 24, 0 —add 2— 9, ∞1, 26, 2
9, 20, 7, 0 —add 25— 6, 17, 4, 25
11, 18, 17, 0 —add 5— 16, 23, 22, 5
2, 26, 9, 0 —add 1— 3, 27, 10, 1
12, 17, 22, 0 —add 24— 8, 13, 18, 24
4, 24, 8, 0 —add 11— 15, 7, 19, 11
8, 21, ∞1, 0 —add 1— 9, 22, ∞2, 1
∞2, 15, 18, 0 —add 23— ∞1, 10, 13, 23
10, 19, 12, 0 —add 15— 25, 6, 27, 15
6, 22, 3, 0 —add 2— 8, 24, 5, 2
13, 16, 1, 0 —add 19— 4, 7, 20, 19
5, 23, 13, 0 —add 26— 3, 21, 11, 26
1, 27, 23, 0 —add 17— 18, 16, 12, 17
3, 25, 26, 0 —add 1— 4, 26, 27, 1.
It is easy to see that each of the ﬁrst ﬁve quadruples and the second ﬁve quadruples on the right-hand gives an initial
partition of G ∪ {∞1,∞2}\H. The last quadruple on the right-hand covers the four residues modulo 4, hence gives
one partition of G by adding 4 modulo 28 to the elements of the quadruple successively. 
Lemma 2.12. There exists a partitionable skew Room frame of type 219.
Proof. Let G = Z36, H = {0, 18} and the two inﬁnite points be {∞1,∞2}. Take
S = {{19, 20}, {15, 22}, {14, 23}, {13, 24}, {12, 25}, {11, 26}, {10, 27}, {1, 35}, {2, 34},
{3, 33}, {4, 32}, {5, 31}, {6, 30}, {7, 29}, {8, 28}} ∪ {9, 17},
C = {16, 21}, R = {27, 30},
and the skew adder as
a1 = 31, a2 = 25, a3 = 19, a4 = 15, a5 = 13, a6 = 9, a7 = 35,
a8 = 6, a9 = 14, a10 = 26, a11 = 28, a12 = 3, a13 = 16, a14 = 24, a15 = 29, b1 = 4, b2 = 2.
Applying Theorem 2.2 yields an SF(219). Then translate the initial quadruples:
27, 30, 0, ∞1 —add 1— 28, 31, 1, ∞2
∞1, 17, 34, 0 —add 4— ∞1, 21, 2, 4
6, 30, 20, 0 —add 3— 9, 33, 23, 3
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5, 31, 33, 0 —add 19— 24, 14, 16, 19
1, 35, 30, 0 —add 26— 27, 25, 20, 26
10, 27, 1, 0 —add 5— 15, 32, 6, 5
13, 24, 21, 0 —add 22— 35, 10, 7, 22
14, 23, 17, 0 —add 30— 8, 17, 11, 30
19, 20, 5, 0 —add 29— 12, 13, 34, 29
16, 21, ∞2, 0 —add 3— 19, 24, ∞1, 3
9, ∞2, 32, 0 —add 16— 25, ∞2, 12, 16
8, 28, 7, 0 —add 23— 31, 15, 30, 23
7, 29, 12, 0 —add 20— 27, 13, 32, 20
4, 32, 8, 0 —add 33— 1, 29, 5, 33
2, 34, 22, 0 —add 4— 6, 2, 26, 4
11, 26, 27, 0 —add 17— 28, 7, 8, 17
12, 25, 23, 0 —add 22— 34, 11, 9, 22
15, 22, 11, 0 —add 35— 14, 21, 10, 35
3, 33, 10, 0 —add 1— 4, 34, 11, 1.
It is easy to see that each of the ﬁrst nine quadruples and the second nine quadruples on the right-hand
gives an initial partition of G ∪ {∞1,∞2}\H. The last quadruple on the right-hand covers the four residues mod-
ulo 4, hence gives one partition of G by adding 4 modulo 36 to the elements of the quadruple
successively. 
Lemma 2.13. There exists a partitionable skew Room frame of type 313.
Proof. Let G = Z39 and H = {0, 13, 26}. The required quadruples (a, b, c, r) are listed below:
(10, 17, 28, 1), (24, 5, 9, 6), (29, 38, 21, 7),
(15, 19, 29, 9), (27, 37, 18, 7), (36, 8, 4, 12),
(6, 7, 4, 5), (25, 3, 2, 8), (22, 37, 10, 1),
(21, 35, 1, 6), (28, 36, 18, 3), (38, 4, 7, 11),
(5, 8, 33, 1), (10, 16, 25, 2), (30, 9, 32, 11),
(4, 6, 38, 1), (16, 28, 22, 5), (20, 36, 37, 8).
It is easy to see that the elements in each row cover the non-zero residues modulo 13, and hence each row gives one
partition of G\H by adding 13 modulo 39 to the elements of the quadruple successively. 
Lemma 2.14. There exists a partitionable skew Room frame of type 317.
Proof. Let G = Z51 and H = {0, 17, 34}. The required quadruples (a, b, c, r) are listed below:
(22, 42, 49, 26), (9, 46, 8, 19), (3, 48, 7, 10),
(11, 15, 6, 10), (35, 50, 8, 26), (23, 36, 7, 45).
Here, each row gives an initial parallel class missing H by multiplying 2i modulo 51 for i = 0, 1, 2, 3. 
Lemma 2.15. There exists a partitionable skew Room frame of type 410.
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Proof. Let G = Z40 and H = {0, 10, 20, 30}. The required quadruples (a, b, c, r) are listed below:
(11, 16, 34, 5), (3, 7, 22, 35), (36, 9, 18, 23),
(13, 27, 21, 39), (31, 6, 32, 15), (38, 14, 26, 17),
(24, 1, 8, 2), (29, 37, 28, 4), (12, 19, 33, 25),
(5, 6, 3, 4), (39, 1, 34, 36), (21, 24, 13, 17),
(2, 8, 19, 33), (15, 27, 31, 38), (29, 7, 32, 11),
(16, 35, 22, 37), (9, 18, 14, 26), (12, 23, 25, 28).
It is easy to see that each of the ﬁrst three and the last three rows gives an initial partition of G\H . 
Lemma 2.16. There exists a partitionable skew Room frame of type 419.
Proof. Let G = Z76 and H = {0, 19, 38, 57}. The required quadruples (a, b, c, r) are listed below:
(3, 45, 63, 53), (18, 20, 21, 52), (17, 66, 26, 37), (32, 61, 75, 34), (14, 74, 24, 56), (4, 7, 15, 35),
(45, 70, 60, 9), (4, 69, 24, 47), (18, 73, 51, 21), (7, 75, 72, 12), (2, 74, 30, 35), (29, 59, 6, 68).
Each row gives an initial partition of G\H by multiplying 45i modulo 76 for i = 0, 1, 2. 
Lemma 2.17. For n ∈ {11, 23}, there exists a partitionable skew Room frame of type 4n.
Proof. For each n ∈ {11, 23}, letG=Z4n andH ={0, n, 2n, 3n}. The required quadruples (a, b, c, r) are listed below:
n = 11: (12, 26, 25, 39), (3, 41, 32, 2), n = 23: (5, 40, 43, 2), (8, 49, 10, 75),
(1, 18, 38, 13), (35, 36, 15, 32), (24, 76, 73, 37), (83, 87, 82, 34),
(16, 28, 18, 14), (3, 35, 41, 1), (29, 78, 89, 42), (4, 7, 20, 39),
(12, 37, 8, 17), (19, 42, 23, 2), (3, 5, 7, 1), (4, 22, 44, 2).
Here, multiplying the elements of each row with a multiplier m of order d gives an initial partition of G\H . The
corresponding multiplier m and its order d for each n, (m, d; n), are (5, 5; 11) and (9, 11; 23) respectively. Developing
each initial partition by adding 2 modulo 4n, we obtain the desired holey parallel classes. 
Lemma 2.18. There exists a partitionable skew Room frame of type 613.
Proof. Let G = Z78 and H = {0, 13, 26, . . . , 65}. The required quadruples (a, b, c, r) are listed below:
(6, 11, 36, 66), (41, 57, 24, 49), (21, 56, 20, 9), (10, 34, 29, 51), (17, 31, 58, 68), (1, 32, 22, 7),
(37, 49, 71, 51), (15, 30, 77, 60), (18, 38, 4, 22), (19, 46, 70, 68), (21, 44, 1, 42), (3, 47, 53, 50).
Each row gives an initial partition of G\H by multiplying 55i modulo 78 for i = 0, 1, 2. 
Lemma 2.19. For n ∈ {7, 11, 19, 23}, there exists a partitionable skew Room frame of type 6n.
Proof. Let G = Z6n and H = {0, n, 2n, . . . , 5n}. The required quadruples (a, b, c, r) are listed below:
n = 7: (9, 18, 3, 41), (2, 4, 40, 24), (20, 37, 19, 29),
(19, 24, 16, 15), (11, 30, 38, 5), (1, 34, 3, 2),
(11, 17, 27, 8), (18, 22, 34, 24), (1, 9, 26, 13),
(1, 17, 30, 6), (16, 29, 13, 10), (32, 38, 15, 27),
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n = 11: (38, 63, 23, 50), (1, 58, 6, 19), (9, 28, 41, 12),
(24, 28, 56, 16), (19, 39, 48, 9), (8, 25, 17, 5),
(2, 26, 25, 9), (47, 65, 6, 12), (43, 46, 16, 39),
(20, 27, 57, 19), (18, 32, 36, 4), (25, 59, 35, 10),
n = 19: (30, 101, 78, 113), (14, 62, 39, 3), (43, 94, 97, 106),
(53, 73, 12, 105), (99, 101, 109, 56), (6, 26, 100, 88),
(2, 100, 104, 88), (85, 102, 29, 51), (12, 37, 111, 5),
(15, 46, 93, 2), (55, 64, 78, 79), (11, 71, 74, 54),
n = 23: (50, 86, 118, 22), (113, 119, 109, 13), (15, 126, 105, 24),
(38, 132, 121, 71), (3, 10, 110, 37), (53, 135, 100, 108),
(37, 68, 131, 30), (89, 99, 6, 3), (85, 112, 52, 8),
(7, 42, 13, 24), (35, 52, 9, 5), (14, 22, 98, 135).
Here, multiplying the elements of each row with a multiplier m of order d gives an initial partition of G\H . The
corresponding multiplier m and its order d for each n, (m, d; n), are (25, 3; 7), (25, 5; 11), (25, 9; 19) and (13, 11; 23),
respectively. Developing each initial partition by adding 2 modulo 4n, we obtain the desired holey parallel classes. 
Lemma 2.20. For n ∈ {29, 37}, there exists a partitionable skew Room frame of type 6n.
Proof. Let G = Z6n and H = {0, n, 2n, . . . , 5n}. The required quadruples (a, b, c, r) are listed below:
n = 29: (51, 124, 73, 77), (40, 167, 42, 78), (60, 164, 8, 74),
(122, 126, 53, 61), (15, 81, 100, 151), (49, 95, 69, 82),
(75, 111, 171, 102), (2, 53, 7, 77), (136, 157, 166, 8),
(19, 170, 78, 115), (100, 125, 86, 51), (70, 108, 47, 6),
n = 37: (38, 105, 91, 10), (80, 122, 41, 163), (20, 162, 114, 49),
(123, 151, 113, 165), (60, 149, 84, 99), (22, 167, 76, 136),
(20, 209, 22, 137), (70, 170, 221, 186), (51, 216, 97, 78),
(9, 141, 35, 49), (4, 96, 67, 199), (207, 212, 26, 52).
Here, each of the ﬁrst two rows and the second two rows gives an initial partition ofG\H by multiplying their elements
with a multiplier m of order d. The corresponding multiplier m and its order d for each n, (m, d; n), are (7, 7; 29) and
(7, 9; 37), respectively. 
Lemma 2.21. There exists a partitionable skew Room frame of type 127.
Proof. Let G = Z84 and H = {0, 7, 14, . . . , 77}. The required quadruples (a, b, c, r) are listed below:
(26, 32, 66, 30), (46, 69, 17, 71), (55, 80, 67, 2), (47, 51, 64, 73), (9, 76, 75, 1), (34, 60, 12, 29),
(30, 57, 52, 6), (29, 39, 59, 44), (12, 64, 37, 60), (34, 46, 73, 33), (2, 17, 67, 20), (31, 62, 11, 75).
Each row gives an initial partition of G\H by multiplying 25i modulo 84 for i = 0, 1, 2. 
3. Recursive constructions
In this section, we describe recursive constructions for partitionable skew Room frames. We need some design-
theoretic terminology. For those not mentioned in this paper we refer the reader to [7].
A pairwise balanced design (v,K)-PBD is a pair (X,A) where X is a v-set (of points) andA is a set of subsets
of X (called blocks), each of cardinality at least two, such that every unordered pair of points is contained in a unique
block and that for every block A, |A| ∈ K .
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A holey group divisible design (brieﬂy HGDD) is a quadruple (X,G,H,A) where X is a ﬁnite set of elements
(called points), G is a set of disjoint subsets of X (called groups) whose union is X,H is a set of some subsets of X
(called holes), andA is a set of subsets of X (called blocks) such that any two points from same group or same hole
are contained in no blocks, any two points from different groups and different holes are contained in a unique block.
If H = ∅, then an HGDD is the usual group divisible design (GDD). The type of the GDD is deﬁned to be the
multiset {|G|:G ∈ G}. IfH= {H }, then an HGDD is usually called an incomplete GDD, denoted by IGDD. The type
of the IGDD is the multiset {|G|, |G ∩ H |:G ∈ G}.
An HGDD is said to be resolvable and denoted by RHGDD if its blocks can be partitioned into parallel classes and
partial parallel classes, the latter partitioning X\H . Similarly, we have the concepts of RGDD and IRGDD.
A transversal design (TD) TD(k, n) is a GDD of group type nk and block size k. A resolvable TD(k, n) (denoted
by RTD(k, n)) is equivalent to a TD(k + 1, n). It is well known that the existence of a TD(k, n) is equivalent to the
existence of k−2 mutually orthogonal Latin squares (MOLS) of order n. In this paper, we mainly employ the following
known results on TDs.
Theorem 3.1 (Colbourn and Dinitz [9]).
1. An RTD(4, n) exists for all n4 except for n = 6 and possibly excepting n = 10.
2. A TD(6, n) exists for all n5 except possibly for n ∈ {6, 10, 14, 18, 22}.
3. A TD(7, n) exists for all n7 except possibly for n ∈ {10, 14, 15, 18, 20, 22, 26, 30, 34, 38, 46, 60, 62}.
4. A TD(8, n) exists for all n7 except possibly for n ∈ {10, 12, 14, 15, 18, 20, 21, 22, 26, 28, 30, 33, 34, 35, 38,
39, 42, 44, 46, 51, 52, 54, 58, 60, 62, 66, 68, 74}.
5. A TD(q + 1, q) exists, where q is a prime power.
An incomplete transversal design (ITD), denoted by k-ITD(m, n), is a k-IGDD of type (m, n)k . A resolvable k-
ITD(m, n) (denoted by k-IRTD(m, n)) is a k-IRGDD of type (m, n)k , which is equivalent to a (k + 1)-ITD(m, n). It is
well known that the existence of a k-ITD(m, n) is equivalent to the existence of k − 2 incomplete mutually orthogonal
Latin squares (IMOLS) of type (m, n). In this paper, we mainly employ the following results on ITDs.
Theorem 3.2 (Abel et al. [3], Abel and du [4]). A 5.ITD(m, n) exists whenever the known necessary conditionm4n
is satisﬁed, except when (m, n) = (6, 1) and possibly when (m, n) = (10, 1).
The following recursive constructions are simple modiﬁcations of those for skew Room frames.
Construction 3.3 (Stinson [20], Inﬂation construction). Suppose there is a partitionable skew Room frame of type
t
u1
1 t
u2
2 . . . t
uk
k , and suppose also that m4, m 
= 6, 10. Then there exists a partitionable skew Room frame of type
(mt1)
u1(mt2)
u2 . . . (mtk)
uk
.
Construction 3.4 (Stinson [20], WFC). Let (X,G,B) be a GDD with index unity, and let w:X → Z+ ∪ {0} be
a weight function on X. Suppose that for each block B ∈ B, there exists a partitionable skew Room frame of type
{w(x): x ∈ B}. Then there is a partitionable skew Room frame of type {∑x∈Gi w(x):Gi ∈ G}.
Construction 3.5 (Chen and Zhu [8], ﬁlling in holes). Suppose there is a partitionable skew I-Room frame of type
{(si, hi): 1 in}. If there is a partitionable skew Room frame of type {hi : 1 in},then there is a partitionable skew
Room frame of type {si : 1 in}.
Construction 3.6 (Ge and Zhu [15]). Suppose there is a TD(k+1, t) and let ei0, 1 i t . If there is a partitionable
skew I-Room frame of type (m + ei, ei)k for any i, 1 i t , then there is a partitionable skew I-Room frame of type
(mt + e, e)k , where e =∑ti=1ei . Further, if there is a partitionable skew Room frame of type ek , then there is a
partitionable skew Room frame of type (mt + e)k .
Construction 3.7 (Breaking up groups). Suppose there is a partitionable skew Room frame of type (ht1)u1(ht2)u2 . . .
(htk)
uk
. Suppose also that there exists a partitionable skew Room frame of type hb+ti for i = 1, 2, . . . , k and b = 0 or
1. Then there exists a partitionable skew Room frame of type hn where n = b +∑ki=1 tiui .
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Construction 3.8 (Inﬂating by ITDs). Suppose F is a (partitionable) skew Room frame having hole set {S1, . . . , Sr},
and suppose that there exists a 4-ITD(m, n) (4-IRTD(m, n)). Let X be a symbol set andY ⊂ X with |X| =m, |Y | = n.
Then there exists a (partitionable) skew I-Room frame of type {(|Sl × X|, |Sl × Y |): 1 lr}.
Proof. Deﬁne B = {(s, t, a, b):F(s, t) = {a, b}}, and for any A ∈ B, suppose the triple (A × X,A × Y,BA) is a
4-ITD(m, n) with type {v × X, v × Y : v ∈ A}. Deﬁne the array Fmn where Fmn((s, x1), (t, x2)) = {(a, x3), (b, x4)}
if and only if {(s, x1), (t, x2), (a, x3), (b, x4)} ∈ BA.
It is easy to check that Fmn is a skew I-Room frame, for the detailed proof we refer the reader to [20].
Suppose F is partitionable and BA is resolvable. Suppose also BA can be partitioned into parallel classes P iA for
1 im−n and holey parallel classes P¯ jA form−n+1jm. Then for any parallel classA ⊂ Bmissing Sk , deﬁne
Amni =
⋃
A∈AP iA, A¯
mn
j =
⋃
A∈AP¯
j
A. It is clear thatA
mn
i is a partition of (
⋃r
l=1(Sl ×X))\(Sk ×X) for 1 im− n
and A¯mnj is a partition of (
⋃r
l=1(Sl × (X\Y )))\(Sk × X) for m − n + 1jm. 
Deﬁne PSFh = {n: there exists a partitionable skew Room frame of type hn}. Then the following corollary of
Construction 3.4 says that the set PSFh is PBD-closed.
Corollary 3.9 (Mullin et al. [16]). Suppose there is an (n,PSFh)-PBD. Then n ∈ PSFh.
Here, we list some useful PBD-closure we need.
Lemma 3.10 (Colbourn and Dinitz [9]).
1. For all n5 and n ≡ 1 (mod 4), there exists an (n, {5, 9, 13})-PBD except possibly for n ∈ {17, 29, 33}.
2. For all n5 and n ≡ 1 (mod 2), there exists an (n, {5, 7, 9, 13})-PBD except possibly for n ∈ Q={11, 13, 15, 17,
19, 23, 27, 29, 31, 33, 39, 43, 51, 59, 71, 75, 83, 87, 95, 99, 107, 111, 115, 119, 139, 179}.
3. For all n5, there exists an (n, {5, 6, 7, 8, 9})-PBD except possibly for n ∈ D={10, 11, 12, 13, 14, 15, 16, 17, 18,
19, 20, 22, 23, 24, 27, 28, 29, 32, 33, 34}.
Lemma 3.11 (Abel andBennett [1, Lemma8.2]). LetE57={9, 11, 13, 15, 17, 19, 23, 27, 29, 31, 33, 37, 39}andP57=
{43, 47, 51, 53, 55, 57, 59, 63, 69, 71, 73, 75, 77, 79, 83, 87, 89, 93, 95, 97, 99, 107, 109, 111, 113, 115, 119, 133, 135,
137, 139, 153, 157, 159, 173, 177, 179, 191, 193, 195, 199, 211, 219, 231, 233, 235, 237, 239, 253, 255, 263, 279, 291,
299, 303, 347, 351, 353, 355, 359, 363, 383, 399, 407, 413, 419, 423, 431, 435, 439, 443, 447, 453, 459, 471, 473,
475, 479, 483, 503, 507, 519, 531, 533, 535, 559, 639}. If n is odd and 5, then there exists an (n, {5, 7})-PBD except
for n ∈ E57 and possibly for n ∈ P57.
4. PSFs of type h5 with h2
Lemma 4.1 (Stinson [21]). There does not exist a skew Room square of side 5.Then there does not exist a partitionable
skew Room frame of type 15.
Lemma 4.2. There exists a partitionable skew Room frame of type h5 for each even h and h2.
Proof. Starting from a partitionable skew Room frame of type 25 from Example 1.3 and applying Construction 3.3
with an RTD(4, h/2), we can obtain a partitionable skew Room frame of type h5 for all even h except for h ∈
{4, 6, 12, 20}. For h = 4, 6, the designs come from Theorem 1.4 and Lemma 2.7, respectively. For h ∈ {12, 20},
the designs can be obtained by applying Construction 3.3 to partitionable skew Room frames of types 35 and
45 with m = 4 and 5 respectively. Here, the starting partitionable skew Room frame of type 35 comes from
Lemma 1.5. 
Lemma 4.3. There exists a partitionable skew Room frame of type h5 for each odd h2 except possibly for h ∈
{17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 79, 83}.
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Proof. By Lemma 3.2, we have a 4-IRTD(4+1, 1) and a 4-IRTD(6+1, 1).Applying Construction 3.8 to partitionable
skewRoom frames of types 35 and 25, we obtain partitionable skew I-Room frames of types (12+3, 3)5 and (12+2, 2)5,
respectively.
Start from an RTD(5, t). Give each point weight 12 and apply Construction 3.6 with i partitionable skew I-Room
frames of type (12 + 2, 2)5, j partitionable skew I-Room frames of type (12 + 3, 3)5 and k partitionable skew Room
frames of type 125 as input designs such that i + j + k = t . Then we have a partitionable skew I-Room frame of
type (12t + 2i + 3j, 2i + 3j)5. Then ﬁll in the hole with a partitionable skew Room frame of type (2i + 3j)5
to obtain a partitionable skew Room frame of type (12t + 2i + 3j)5. It is clear that 2i + 3j can cover all odd
numbers ranging from 3 to 13. By Theorem 3.1, we know that there is an RTD(5, t) when t5 except possibly
when t ∈ {6, 10, 14, 18, 22}. Hence, we have a partitionable skew Room frame of type h5 for each odd h except
possibly for h ∈ {17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 79, 83, 127, 131, 173, 179, 181, 223, 227, 229, 269,
271, 277}.
For h ∈ {179, 181, 227, 229, 277}, we may employ the same construction as above by choosing the following
parameters:
h = 179: t = 12, i = 1, j = 11, h = 181: t = 13, i = 2, j = 7,
h = 227: t = 16, i = 1, j = 11, h = 229: t = 17, i = 2, j = 7,
h = 277: t = 21, i = 2, j = 7.
For h ∈ {127, 131, 173, 223, 269, 271}, take a 5-IRTD(12+1, 1) and a 5-IRTD(8+1, 1) and apply Construction 3.8
to partitionable skew Room frames of types 25 and 35 to obtain partitionable skew I-Room frames of types (24+2, 2)5
and (24 + 3, 3)5, respectively. Similar to the proof above, we can obtain a partitionable skew Room frame of type
(24t + 2i + 3j)5, where i + j t . The suitable parameters h, t, i, j are listed below:
h = 127: t = 5, i = 2, j = 1, h = 131: t = 5, i = 4, j = 1,
h = 173: t = 7, i = 1, j = 1, h = 223: t = 9, i = 2, j = 1,
h = 269: t = 11, i = 1, j = 1, h = 271: t = 11, i = 2, j = 1. 
Theorem 4.4. There exists a partitionable skew Room frame of type h5 for each h2 except possibly for h ∈ A =
{17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 79, 83}.
Proof. Combining Lemmas 4.1–4.3, the conclusion then follows. 
In the remainder of this section, we will improve the known results on skew Room frames listed in Theorem 1.2.
Lemma 4.5. There exists a skew Room frame of type h5 for each h ∈ {41, 43}.
Proof. The proof is similar to that of Lemma 4.3. Here, we do not need the resolvable property of ITDs. Take a
4-ITD(3 + 1, 1) and a 4-ITD(2 + 1, 1), and apply Construction 3.8 to the skew Room frames of types 25 and 35
to obtain skew I-Room frames of types (6 + 2, 2)5 and (6 + 3, 3)5 respectively. Take an RTD(5,5), give each point
weight 6. Apply Construction 3.6 with i skew I-Room frames of type (6 + 2, 2)5, j skew I-Room frames of type
(6 + 3, 3)5 and k skew Room frames of type 65 as input designs, where i + j + k = 5. Then we obtain a skew
I-Room frame of type (30 + 2i + 3j, 2i + 3j)5. Fill in the hole with a skew Room frame of type (2i + 3j)5 to
obtain a skew Room frame of type (30 + 2i + 3j)5. The corresponding parameters i and j for each h, (i, j ;h), are
(4, 1; 41) and (2, 3; 43) respectively. Here, the input designs skew Room frames of types 115 and 135 all come from
Theorem 4.4. 
Furthermore, we construct a skew Room frame of type 84 by computer search.
Lemma 4.6. There exists a skew Room frame of type h4 for each h ∈ {8, 24}.
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Proof. For h= 8, let G=Z32 and H ={0, 4, . . . , 28}. The required quadruples (a, b, c, r) are listed below, which are
developed by adding 2 modulo 32:
(1, 14, 11, 8), (1, 10, 27, 16), (1, 3, 16, 2), (2, 19, 21, 24), (1, 12, 6, 23), (2, 13, 12, 11),
(2, 7, 16, 21), (1, 30, 23, 28), (2, 31, 32, 9), (2, 3, 17, 16), (1, 26, 31, 12), (1, 20, 22, 3),
(1, 8, 7, 18), (1, 2, 20, 27), (2, 20, 11, 25), (2, 11, 29, 4), (1, 6, 28, 19), (2, 12, 23, 29),
(2, 28, 9, 31), (2, 17, 8, 23), (2, 32, 3, 1), (1, 11, 18, 20), (1, 7, 4, 30), (1, 15, 26, 4).
For h = 24, inﬂate the above skew Room frame of type 84 by a TD(4,3) to obtain the desired design. 
Combining Theorem 1.2, Theorem 4.4 and Lemmas 4.5 and 4.6, we have the following.
Theorem 4.7. The necessary conditions for the existence of a skew Room frame of type tu, namely, u4 and u is odd
when t is odd, are also sufﬁcient except for (t, u) ∈ {(1, 5), (2, 4)} and possibly excepting:
1. u = 4 and t ≡ 2 (mod 4);
2. u = 5 and t ∈ {17, 19, 23, 29, 31}.
5. PSFs of type hn with h ≡ 0 (mod 4)
Lemma 5.1. There exists a partitionable skew Room frame of type 4n for each n5 except possibly for
n ∈ {12, 14, 15, 16, 18, 20, 22, 24, 27, 28, 32, 34}.
Proof. Combining Lemmas 1.4 and 2.15–2.17, the conclusion then follows. 
Lemma 5.2. There exists a partitionable skew Room frame of type 8n for each n5 except possibly for n ∈ {8, 12}.
Proof. For each given n5, n /∈ {7, 8, 12}, take a (4n + 1, {5, w∗}, 1)-PBD with w ∈ {5, 9, 13} coming from [5,17].
Remove one point outside of the block of size w to obtain a {5, w}-GDD of type 4n. Apply Construction 3.4 with
weight 2 using partitionable skew Room frames of types 25 and 2w as input designs to obtain a partitionable skew
Room frame of type 8n. For n = 7, the design is obtained by applying Construction 3.3 to a partitionable skew Room
frame of type 27 with m = 4. 
Lemma 5.3. There exists a partitionable skew Room frame of type 40n for each n5.
Proof. For each given n5, n /∈ {8, 12}, apply Construction 3.3 to the partitionable skew Room frame of type 8n with
m = 5. For n ∈ {8, 12}, start from a 5-GDD of type 20n, give each point weight 2 to obtain the desired designs. Here,
the input designs partitionable skew Room frames of type 25 come from Example 1.3. 
Lemma 5.4. There exists a partitionable skew Room frame of type 128.
Proof. Start from a TD(7,7) from Lemma 3.1. Delete one point and use the removed point to redeﬁne the groups to
obtain a 7-GDD of type 68. Then apply Construction 3.4 with weight 2 using partitionable skew Room frames of type
27 as the input designs to obtain the desired partitionable skew Room frame. 
Lemma 5.5. There exists a partitionable skew Room frame of type 12n for each n5 except possibly for n = 12.
Proof. For each given n5, n /∈ {7, 8, 12}, the proof is similar to that of Lemma 5.2. Here we apply Construction
3.4 with weight 3 using partitionable skew Room frames of types 35 and 3w as the input designs. For n ∈ {7, 8}, the
required designs come from Lemmas 2.21 and 5.4, respectively. 
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Lemma 5.6. There exists a partitionable skew Room frame of type 24n for each n5 except possibly for n ∈
{6, 10, 12, 14, 15, 16, 18, 20, 22, 24, 26, 27, 28, 30, 32, 34}.
Proof. For n = 5, the design can be obtained by applying Construction 3.3 to the partitionable skew Room frame of
type 35 with m = 8. For the other values of n, take a TD(6,n) with one parallel class (equivalently, a four idempotent
MOLS(n)), and use the parallel class to redeﬁne groups. This gives a {6, n}-GDD of type 6n. Noting that we have a four
idempotent MOLS(n) for each n7, n /∈ {10, 14, 15, 18, 22, 26, 30} and a partitionable skew Room frame of type 4n
for each n5, n /∈ {12, 14, 15, 16, 18, 20, 22, 24, 27, 28, 32, 34} from [2] and Lemma 5.1, respectively, we may apply
Construction 3.4 with weight 4 using partitionable skew Room frames of types 46 and 4n as the input designs to obtain
the desired designs. This completes the proof. 
Lemma 5.7. There exists a partitionable skew Room frame of type 24n for each n ∈ {6, 10, 15, 16, 18, 20, 26, 28, 30}.
Proof. The proof is similar to that of Lemma 5.2. Here, we take a (4n+ 1, {5, w∗}, 1)-PBD with w ∈ {5, 13} and give
weight 6 to each point of the resulting {5, w}-GDD. The input partitionable skew Room frames of types 65 and 613
come from Lemmas 2.7 and 2.18, respectively. 
Lemma 5.8. For each n ∈ {12, 14, 22, 24, 27, 32, 34}, there exists a partitionable skew Room frame of type 24n.
Proof. For each n ∈ {12, 14, 22, 24, 32, 34}, take a TD(7, n − 1) from Lemma 3.1 and truncate one group to size
6. Choose one of the removed points to redeﬁne the groups to obtain a {6, 7, n − 1}-GDD of type 6n. Then apply
Construction 3.4 with weight 4 using partitionable skew Room frames of types 46, 47 and 4n−1 as the input designs to
obtain the desired designs.
For n = 27, take a (169, 7, 1)-BIBD in [9] and remove one point to obtain a 7-GDD of type 628. Furthermore,
removing all the points in one group of the resultant 7-GDD, we obtain a {6, 7}-GDD of type 627. Apply Construction
3.4 with weight 4 using partitionable skew Room frames of types 46 and 47 as input designs. 
Lemma 5.9. There exists a partitionable skew Room frame of type h12 with h ≡ 0 (mod 24).
Proof. For h ∈ {48, 72, 144, 240}, the proof is similar to that of Lemma 5.8. Here, we take a TD(7, 11) and
give weight h/6 to each point of the resultant {6, 7, 11}-GDD of type 612. The input partitionable skew Room
frames of types (h/6)6, (h/6)7 and (h/6)11 come from Lemmas 5.2, 5.2, 5.5–5.7 and 5.3. For the other values of
h, apply Construction 3.3 to a partitionable skew Room frame of type 2412 coming from Lemmas 5.2, 5.5–5.7
and 5.3. 
Lemma 5.10. There exists a partitionable skew Room frame of type hn for each n5 and h ≡ 0 (mod 24).
Proof. For h = 24, the required designs come from Lemmas 5.6 to 5.8. For h = 48 and n 
= 12, the required designs
can be obtained by applying Construction 3.3 to a partitionable skew Room frame of type 12n from Lemma 5.5. For
h = 48 and n = 12, the required design comes from Lemma 5.9. For the remaining values of h, we separate n into the
following three subcases:
If n = 8, the required designs can be obtained by applying Construction 3.3 to a partitionable skew Room frame of
type 48 from Lemma 5.1.
If n = 12, the required designs come from Lemma 5.9.
If n /∈ {8, 12}, the required designs can be obtained by applying Construction 3.3 to a partitionable skew Room frame
of type 8n from Lemma 5.2. 
Lemma 5.11. If h4 and h /∈ {6, 10} ∪ A, then there exists a partitionable skew Room frame of type (4h)n for each
n ∈ {15, 16, 18, 20, 22, 27, 28, 32, 34}.
Proof. For each givenh4,h /∈ {6, 10}∪A, we have partitionable skewRoom frames of typesh13 andh17 by combining
Construction 3.3 and Lemma 1.5. We also have a partitionable skew Room frame of type h5 by
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Theorem 4.4. By [5,17], we have a (4n + 1, {5, w∗}, 1)-PBD with w ∈ {5, 13, 17}. Remove one point outside of
the block of size w to obtain a {5, w}-GDD of type 4n. Apply Construction 3.4 with weight h using partition-
able skew Room frames of types h5 and hw as the input designs to obtain a partitionable skew Room frame of
type (4h)n. 
Lemma 5.12. There exists a partitionable skew Room frame of type h15 with h ≡ 0 (mod 4) except possibly for h= 4.
Proof. For h = 12, the required partitionable skew Room frame comes from Lemma 5.5. For the other values of h,
apply Construction 3.3 to the partitionable skew Room frame of type 215 from Lemma 2.11 with an RTD(4, h/2) to
obtain the required designs. 
Lemma 5.13. There exists a partitionable skew Room frame of type h14 with h ≡ 0 (mod 8) or h ≡ 0 (mod 12) except
possibly for h = 36.
Proof. First, we discuss the case when h ≡ 0 (mod 8). If h /∈ {16, 24, 48, 80}, the required designs can be obtained
by applying Construction 3.3 to a partitionable skew Room frame of type 814 from Lemma 5.2. For h = 16, take a
(57, {5, 9∗}, 1)-PBD coming from [5]. Remove one point outside of the block of size 9 to obtain a {5, 9}-GDD of type
414. Apply Construction 3.4 with weight 4 using partitionable skew Room frames of types 45 and 49 as input designs
to obtain the desired partitionable skew Room frame. For h = 24, the required design comes from Lemma 5.8. For
h = 48, 80, the required designs can be obtained by applying Construction 3.3 to partitionable skew Room frames of
types 1214 and 1614, respectively.
Next, we treat the case when h ≡ 0 (mod 12). If h /∈ {24, 36, 72, 120}, the required designs can be obtained by
applying Construction 3.3 to a partitionable skew Room frame of type 1214 from Lemma 5.5. For h = 72, 120,
the required designs can be obtained by applying Construction 3.3 to a partitionable skew Room frame of
types 814. 
Combining Lemmas 5.1–5.8 and 5.10–5.13 and applying Construction 3.3, we have the following theorem.
Theorem 5.14. There exists a partitionable skew Room frame of type hn with h ≡ 0 (mod 4) and n5 except possibly
when:
1. h = 4 and n ∈ B = {12, 14, 15, 16, 18, 20, 22, 24, 27, 28, 32, 34};
2. h = 8 and n ∈ {8, 12};
3. h ∈ C = {4k: k ∈ A} and n ∈ B\{15};
4. h ≡ 4, 20 (mod 24), h20 and h /∈C, or h = 36, and n ∈ {12, 14};
5. h ≡ 8, 12, 16 (mod 24), h /∈ {8, 36, 40} ∪ C, and n = 12.
6. PSFs of type hn with h ≡ 1 (mod 2)
Lemma 6.1. There does not exist a partitionable skew Room frame of type 19.
Proof. By Example 1.1, we have a unique Room square of side 9 up to isomorphism. It is easy to check that the
quadruple (3, 7, 1, 4) formed by the pair {3, 7} in cell (1, 4) has an intersection with any other quadruples in the Room
square. That is, the unique Room square of side 9 is not partitionable. Hence, there does not exist a partitionable skew
Room frame of type 19. 
Lemma 6.2. If n ≡ 1 (mod 4) and n> 133, or n ∈ {81, 97, 101, 117, 121}, then there exists a partitionable skew
Room frame of type 1n.
Proof. For each n ≡ 1 (mod 4) and n> 133, or n ∈ {81, 97, 101, 117, 121}, take a ((n−1)/4+1, {5, 6, 7, 8, 9})-PBD
(X,B) from Lemma 3.10. Remove one point to obtain a {5, 6, 7, 8, 9}-GDD with group sizes from {4, 5, 6, 7, 8}.
Apply Construction 3.4 with weight 4, adjoin one inﬁnite point and apply Construction 3.7 with b = 1 to obtain a
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partitionable skew Room frame of type 1n. Here, the input designs are partitionable skew Room frames of types 4u for
u ∈ {5, 6, 7, 8, 9} and 1v for v ∈ {17, 21, 25, 29, 33}, which come from Lemmas 5.1, 1.5 and 2.4. 
Lemma 6.3. For each n ∈ {65, 73, 105, 113, 125, 129, 133}, there exists a partitionable skew Room frame of
type 1n.
Proof. For each n ∈ {65, 105, 125}, the required design can be obtained by applying Construction 3.7 to a partitionable
skew Room frame of type v5 with b = 0 using a partitionable skew Room frame of type 1v as the input design, where
v ∈ {13, 21, 25}.
For each n ∈ {73, 133}, start from a 5-GDD of type 4v with v ∈ {6, 11} from [14]. Apply Construction 3.4 with
weight 3, adjoin one inﬁnite point and apply Construction 3.7 with b = 1 to obtain the desired design. Here, the input
designs are partitionable skew Room frames of types 35 and 113.
For each n ∈ {113, 129}, start from a partitionable skew Room frame of type 4v with v ∈ {7, 8}. Apply Construction
3.3 with m= 4 and adjoin one inﬁnite point, apply Construction 3.7 with b= 1 using a partitionable skew Room frame
of type 117 as the input design to obtain the required design. 
Lemma 6.4. There exists a partitionable skew Room frame of type 1n for each n ≡ 1 (mod 4) and n5, except for
n ∈ {5, 9} and possibly excepting n ∈ {45, 57, 69, 77, 93}.
Proof. Combine Lemmas 4.1, 6.1, 1.5, 2.4–2.6, 6.2 and 6.3 to complete the proof. 
Lemma 6.5. There exists a partitionable skew Room frame of type 3n for each n ≡ 1 (mod 4) and n5.
Proof. For n=17, the required design comes from Lemma 2.14. For each n ∈ {29, 33}, start from a partitionable skew
Room frame of type 12v with v ∈ {7, 8}. Adjoin three inﬁnite points and apply Construction 3.7 with b = 1 using a
partitionable skew Room frame of type 35 as the input design to obtain the desired design.
For each n ≡ 1 (mod 4), n5 and n /∈ {17, 29, 33}, the required design can be obtained by applying Corollary
3.9 with the (n, {5, 9, 13})-PBD stated in Lemma 3.10 since we have partitionable skew Room frames of type 3v for
v ∈ {5, 9, 13} by Lemmas 1.5 and 2.13. 
Lemma 6.6. If h ≡ 1 (mod 2), h5 and h /∈A, then there exists a partitionable skew Room frame of type hn for each
n ∈ {45, 69, 77, 93}.
Proof. For each h ≡ 1 (mod 2), h5 and h /∈A, we have a partitionable skew Room frame of type h5 from Theorem
4.4. For each n ∈ {45, 69, 77, 93}, we have a partitionable skew Room frame of type 4(n−1)/4. Apply Construction 3.3
with m = h, adjoin h inﬁnite points and apply Construction 3.7 using a partitionable skew Room frame of type h5 as
the input design to obtain the required design. 
Lemma 6.7. For each n ∈ {9, 57}, there exists a partitionable skew Room frame of type hn for each h ≡ 3 (mod 6)
except possibly when h = 9.
Proof. The required designs can be obtained by applying Construction 3.3 to a partitionable skew Room frame of type
3n for n ∈ {9, 57} from Lemma 6.5. 
Combining Theorem 4.4 and Lemmas 6.4–6.7 and applying Construction 3.3, we have the following theorem.
Theorem 6.8. The necessary conditions for the existence of a partitionable skew Room frame of type hn with h ≡
1 (mod 2) is also sufﬁcient except for (h, n) ∈ {(1, 5), (1, 9)} and possibly when
1. h = 1 and n ∈ {45, 57, 69, 77, 93};
2. h ∈ A and n ∈ {5, 9, 45, 57, 69, 77, 93};
3. h ≡ 1, 5 (mod 6) and h /∈ {1} ∪ A, or h = 9, and n ∈ {9, 57}.
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7. PSFs of type hn with h ≡ 2 (mod 4)
Lemma 7.1. There exists a partitionable skew Room frame of type 2n for each n ≡ 1 (mod 2) except possibly for
n ∈ Q.
Proof. For each n ≡ 1 (mod 2) and n /∈Q, the required design can be obtained by applying Corollary 3.9 with
the (n, {5, 7, 9, 13})-PBD stated in Lemma 3.10 since we have partitionable skew Room frames of type 2v for v ∈
{5, 7, 9, 13} by Example 1.3, Lemmas 2.8 and 2.9. 
Lemma 7.2. There exists a partitionable skew Room frame of type 2n for each n ∈ {51, 59, 71, 75, 83, 87, 95, 99, 107,
111, 115, 119, 139, 179}.
Proof. For each given n, the proof is similar to that of Lemma 6.2. Here, we adjoin two inﬁnite points by using
partitionable skew Room frames of type 2v for v ∈ {9, 11, 13, 15, 17} as input designs, which come from Lemmas 2.8,
2.10 or 2.11. 
Lemma 7.3. For each n ∈ {29, 31, 43}, there exists a partitionable skew Room frame of type 2n.
Proof. For n = 29, start from a partitionable skew Room frame of type 87 and adjoin two inﬁnite points, then apply
Construction 3.7 with b = 1 using a partitionable skew Room frame of type 25 as the input design.
For each n ∈ {31, 43}, start from a partitionable skew Room frame of type 12v with v ∈ {5, 7}. Apply Construction
3.3 with m = 4, adjoin two inﬁnite points, and apply Construction 3.7 with b = 1 using a partitionable skew Room
frame of type 27 as the input design. 
Lemma 7.4. There exists a partitionable skew Room frame of type 2n for each n ≡ 1 (mod 2) and n5 except possibly
when n ∈ {23, 27, 33, 39}.
Proof. Combining Lemmas 2.8–2.12 and 7.1–7.3, the conclusion then follows. 
Lemma 7.5. There exists a partitionable skew Room frame of type 6n for each n5 and n ≡ 1 (mod 2) except possibly
when n ∈ E57 ∪ P57.
Proof. For each n5 and n ≡ 1 (mod 2) and n /∈E57 ∪P57, the required design can be obtained by applying Corollary
3.9 with the (n, {5, 7})-PBD stated in Lemma 3.11 since we have partitionable skew Room frames of type 6v for
v ∈ {5, 7} by Lemmas 2.7 and 2.19. 
Lemma 7.6. There exists a partitionable skew Room frame of type 6n for each n ≡ 1 (mod 4) and n /∈ {9, 17}.
Proof. By Lemma 7.5, we need only to consider n ∈ (E57 ∪P57)\{9, 17}. Start from a partitionable skew Room frame
of type 24(n−1)/4 by Lemma 5.6. Adjoin 6 inﬁnite points and apply Construction 3.7 with b = 1 to obtain the required
design. Here, the input design is the partitionable skew Room frame of type 65. 
Lemma 7.7. There exists a partitionable skew Room frame of type 615.
Proof. Take a 7-GDD of type 315, apply Construction 3.4 with weight 2 using a partitionable skew Room frame of
type 27 as the input design. 
Lemma 7.8. There exists a partitionable skew Room frame of type 6n for each n ≡ 3 (mod 4) and n ∈ (E57 ∪
P57)\{27, 39, 43, 47, 51, 55, 59, 63, 71, 75, 79, 83, 87, 95, 99, 107, 111, 115, 119, 191, 211}.
Proof. Take a TD(7, 6s) from Lemma 3.1, truncate one group to size 21 and another group to size 6a to obtain a
{5, 6, 7}-GDD of type (6s)5(6a)1211. Apply Construction 3.4 with weight 4 using partitionable skew Room frames of
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types 45, 46 and 47 as input designs to get a partitionable skew Room frame of type (24s)5(24a)1841. Adjoin 6 inﬁnite
points and apply Construction 3.7 with b = 1 to obtain a partitionable skew Room frame of type 620s+4a+15. Here, the
input designs are the partitionable skew Room frames of types 64s+1, 64a+1 and 615 for s6, s 
= 10 and a 
= 2, 4,
which come from Lemma 7.6 or 7.7. 
Lemma 7.9. For each n ∈ {43, 51, 55, 71, 75, 79, 95, 99, 111, 115, 119, 191, 211}, there exists a partitionable skew
Room frame of type 6n.
Proof. For each n ∈ {43, 79}, start from a partitionable skew Room frame of type 36v with v ∈ {7, 13}. Adjoin 6
inﬁnite points and apply Construction 3.7 with b = 1 using a partitionable skew Room frame of type 67 as the input
design.
For each n ∈ {55, 75, 95}, start from a partitionable skew Room frame of type 2v with v ∈ {11, 15, 19}. Apply
Construction 3.3 withm= 15, adjoin 6 inﬁnite points and apply Construction 3.7 with b= 1 using a partitionable skew
Room frame of type 65 as the input design.
For n ∈ {51, 111, 191, 211}, start from partitionable skew Room frames of type 60v with v ∈ {5, 11, 19, 21}. Adjoin
6 inﬁnite points and apply Construction 3.7 with b = 1 using a partitionable skew Room frame of type 611 as the input
design.
For n = 71, start from a partitionable skew Room frame of type 845. Adjoin 6 points and apply Construction 3.7
with b = 1 using a partitionable skew Room frame of type 615 as the input design.
For n = 99, start from a partitionable skew Room frame of type 29. Apply Construction 3.3 with m = 33 and then
Construction 3.7 with b = 0 using a partitionable skew Room frame of type 611 as the input design.
For n = 115, start from a partitionable skew Room frame of type 623. Apply Construction 3.3 with m = 5 and then
Construction 3.7 with b = 0 using a partitionable skew Room frame of type 65 as the input design.
For n= 119, start from a partitionable skew Room frame of type 217. Apply Construction 3.3 with m= 21 and then
Construction 3.7 with b = 0 using a partitionable skew Room frame of type 67 as the input design. 
Lemma 7.10. For each n ∈ {39, 47, 59, 63, 83, 87, 107}, there exists a partitionable skew Room frame of type 6n.
Proof. For each n ∈ {39, 47, 59}, take a TD(10,9). Truncate i groups to size 6 and j groups to size 0, where i + j5.
Apply Construction 3.4 with weight 4 using a partitionable skew Room frame of type 4v with v ∈ {5, 6, 7, 8, 9, 10} as
the input design. Then we have a partitionable skew Room frame of type 3610−i−j24i . Adjoin 6 inﬁnite points, apply
Construction 3.7 with b = 1 using partitionable skew Room frames of types 65 and 67 as input designs to obtain a
partitionable skew Room frame of type 66(10−i−j)+4i+1. The corresponding parameters i and j for each n, (i, j ; n), are
(2, 3; 39), (4, 1; 47) and (1, 0; 59), respectively.
For each n ∈ {83, 87, 107}, take a TD(7,t) by Lemma 3.1, and truncate one group to size 3a, where 3a t . Choose
one of the removed point to redeﬁne the groups to obtain a {6, 7, t}-GDD of type 6t (3a)1. Apply Construction 3.4
with weight 4 using partitionable skew Room frames of types 46, 47 and 4t as input designs to obtain a partitionable
skew Room frame of type (24)t (12a)1. Adjoin 6 inﬁnite points, apply Construction 3.7 with b = 1 using partition-
able skew Room frames of types 65 and 62a+1 as input designs to obtain a partitionable skew Room frame of type
64t+2a+1. The corresponding parameters t and a for each n, (t, a; n), are (19, 3; 83), (19, 5; 87) and (23, 7; 107),
respectively. 
Lemma 7.11. There exists a partitionable skew Room frame of type 6n for each n5 except possibly when n ∈
{9, 17, 27}.
Proof. Combining Lemmas 2.7, 2.18–2.20 and 7.5–7.10, the conclusion then follows. 
Lemma 7.12. There exists a partitionable skew Room frame of type h33 for each h6 and h ≡ 2 (mod 4).
Proof. For h = 6, the required design comes from Lemma 7.11. For h = 10, start from a partitionable skew Room
frame of type 408, adjoin 10 inﬁnite points and apply Construction 3.7 with b = 1 using a partitionable skew Room
frame of type 105 as the input design.
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For the other values of h, apply Construction 3.3 to a partitionable skew Room frame of type 133 to obtain the desired
designs. 
Lemma 7.13. For each n ∈ {23, 39} and h ≡ 6 (mod 12), there exists a partitionable skew Room frame of type hn
except possibly when (h, n) = (18, 23).
Proof. For each n ∈ {23, 39}, h ≡ 6 (mod 12) and h 
= 18, apply Construction 3.3 to a design of type 6n to obtain the
required designs.
For h = 18 and n = 39, take a TD(10, 9) and truncate two groups to size 6 and three groups to size 0 to obtain a
{5, 6, 7}-GDD of type 9562. Apply Construction 3.4 with weight 12 using partitionable skew Room frames of type 12v
with v ∈ {5, 6, 7} as input designs, which come from Lemma 5.5. Then we have a partitionable skew Room frame of
type 1085722. Adjoin 18 inﬁnite points, apply Construction 3.7 with b = 1 using partitionable skew Room frames of
types 185 and 187 as input designs to obtain the desired design. 
Combining Lemmas 7.4 and 7.11–7.13 and applying Construction 3.3, we have the following theorem.
Theorem 7.14. The necessary conditions for the existence of a partitionable skew Room frame of type hn with h ≡
2 (mod 4) is also sufﬁcient except possibly when:
1. h = 2 and n ∈ {23, 27, 33, 39};
2. h = 6 and n ∈ {9, 17, 27};
3. h = 18 and n ∈ {23, 27};
4. h ≡ 2, 10 (mod 12), h10, and n ∈ {23, 27, 39}; and
5. h ≡ 6 (mod 12), h30, and n = 27.
8. Concluding remarks
Combining Theorems 5.14, 6.8 and 7.14, we are in a position to state our main result of the paper as follows.
Theorem 8.1. The necessary conditions for the existence of partitionable skew Room frames of type hn are also
sufﬁcient, except for hn ∈ {15, 19}, and possibly when:
1. h ≡ 1 (mod 2)
(a) h = 1 and n ∈ {45, 57, 69, 77, 93};
(b) h ∈ A = {17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 79, 83} and n ∈ {5, 9, 45, 57, 69, 77, 93};
(c) h ≡ 1, 5 (mod 6) and h /∈ {1} ∪ A, or h = 9, and n ∈ {9, 57};
2. h ≡ 2 (mod 4) and
(a) h = 2 and n ∈ {23, 27, 33, 39};
(b) h = 6 and n ∈ {9, 17, 27};
(c) h = 18 and n ∈ {23, 27};
(d) h ≡ 2, 10 (mod 12), h10, and n ∈ {23, 27, 39};
(e) h ≡ 6 (mod 12), h30, and n = 27;
3. h ≡ 0 (mod 4)
(a) h = 4 and n ∈ B = {12, 14, 15, 16, 18, 20, 22, 24, 27, 28, 32, 34};
(b) h = 8 and n ∈ {8, 12};
(c) h ∈ C = {4k: k ∈ A} and n ∈ B\{15};
(d) h ≡ 4, 20 (mod 24), h20 and h /∈C, or h = 36, and n ∈ {12, 14};
(e) h ≡ 8, 12, 16 (mod 24), h /∈ {8, 36, 40} ∪ C, and n = 12.
A K-frame is a GDD (X,G,B) in which the collection of blocks B can be partitioned into holey parallel classes
each of which partitions X\G for some G ∈ G. A uniform frame is a frame in which all groups are of the same size.
The following lemma is a restatement of the partitionable skew Room frames construction on 4-frames in [10].
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Lemma 8.2 (Colbourn et al. [10]). If there is a partitionable skew Room frame of type hn, then there exists a 4-frame
of type (6h)n.
Now, we are in a position to improve the known results on uniform 4-frames in [14].
Theorem 8.3. There exists a (4, 1)-frame of type hu if and only if u5, h ≡ 0 (mod 3) and h(u − 1) ≡ 0 (mod 4),
except possibly where:
1. h = 36 and u = 12;
2. h ≡ 6 (mod 12) and
(a) h = 6 and u ∈ {7, 23, 27, 35, 39, 47};
(b) h = 30 or h ∈ {n: 66n2190} and u ∈ {7, 23, 27, 39, 47};
(c) h ∈ {42, 54} ∪ {n: 2202n11238} and u ∈ {23, 27};
(d) h = 18 and u ∈ {15, 23, 27}.
Proof. Take a partitionable skew Room frame of type 317 in Lemma 2.14 and apply Lemma 8.2 to obtain a 4-frame of
type 1817. The conclusion then follows by Ge and Ling [14, Theorem 4.4]. 
In this paper, we investigated the existence of partitionable skew Room frames of type hn. The necessary conditions
for the existence of such a design, namely, h(n − 1) ≡ 0 (mod 4) and h5, were shown to be sufﬁcient with a few
possible exceptions. However, the existence problem for skew Room frames of type hn (see Theorem 4.7) is still open.
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